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Abstract
Fluctuations around a non-trivial solution of Born-Infeld theory have a limiting speed given
not by the Einstein metric but the Boillat metric. The Boillat metric is S-duality invariant
and conformal to the open string metric. It also governs the propagation of scalars and spinors
in Born-Infeld theory. We discuss the potential clash between causality determined by the
closed string and open string light cones and find that the latter never lie outside the former.
Both cones touch along the principal null directions of the background Born-Infeld field. We
consider black hole solutions in situations in which the distinction between bulk and brane is
not sharp such as space-filling branes and find that the location of the event horizon and the
thermodynamic properties do not depend on whether one uses the closed or open string metric.
Analogous statements hold in the more general context of non-linear electrodynamics or effective
quantum-corrected metrics. We show how Born-Infeld action to second order might be obtained
from higher-curvature gravity in Kaluza-Klein theory. Finally we point out some intriguing
analogies with Einstein-Schro¨dinger theory.
04.50.+h; 04.70.-s; 11.25.-w; 11.10.Lm
1 Introduction
A striking feature of much recent work on open string states in String/M-Theory is the considerable
insights afforded by the Born-Infeld [1] approximation. Reciprocally, String/M-Theory has provided
a rationale for some of the hitherto mysterious and only partially understood properties of this
remarkable theory.
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The existence of a limiting electric field strength, which was originally the raison d’etre of
Born-Infeld theory, now finds a dynamical justification in the increasingly copious production of
electrically charged open string states as one approaches the critical value [8]. More subtly, the
electric-magnetic duality symmetry of Born-Infeld theory, a non-linear generalization of Hodge
duality first recognized by Schro¨dinger [3], may be viewed as a special case of S-duality. In fact
electric-magnetic duality is a special case of Born-Reciprocity [10], a transformation which acts as
a rotation in phase space (p, q)→ (p cos θ+ q sin θ, q cos θ− p sin θ). In non-linear electrodynamics,
the phase space variables might be considered to be B and D = ∂L/∂E, which are canonically
conjugate variables in the sense of the Poisson bracket1{
Bi(x),Dj(y)
}
P.B
= −ǫijk∂kδ(x− y). (1.1)
Born reciprocity applied to string theory gives rise to T-duality [34]. According to Hull and
Townsend [7] T and S duality are included in the more general U-duality symmetry. This leads nat-
urally to the question of whether Born-Infeld theory is the only non-linear electrodynamic theory
admitting electric-magnetic duality. It is not [9].
Another striking feature of Born-Infeld theory, is that it admits BIon solutions. These are exact
solutions of the full non-linear theory with distributional sources with finite total energy. They can
now be understood in terms of strings ending on D-branes [11, 6].
Schro¨dinger recognized yet another remarkable property of Born-Infeld theory: viewed as a
non-linear optical theory, Born-Infeld theory exhibits uncommon properties with respect to the
scattering of light by light. He constructed exact wave like solutions of the full non-linear equa-
tions representing light pulses with solitonic properties. They pass through one another without
scattering [4, 5]. This can be also understood from a string theory point of view [11].
Some time after Shro¨dinger’s work it was realized that the propagation of Born-Infeld fluctua-
tions around a background solution has exceptional causal properties [15, 22] and that the theory
also admits exact solutions exhibiting these exceptional properties [18]. From the String Theory
perspective, this relates to the recent interest in open string theory in a constant background Kalb-
Ramond potential Bµν and thus with gauge theory in a flat non-commutative spacetime [31]. The
Kalb-Ramond potential Bµν appears in the Born-Infeld action in the combination Fµν+Bµν and so
from the Born-Infeld point of view, a constant Bµν field may be regarded as a background solution
of Born-Infeld theory. Some of the open string states propagating around the constant background
Bµν field may be identified (at least in the abelian case) with fluctuations of the Born-Infeld theory.
Thus we need to understand the causal structure of their propagation. It turns out that this is
governed by a metric, Gµν = gµν − BµαgαβBβν2, which differs from the usual spacetime metric
gµν [31]. In fact we have two light-cones: the usual light-cone given by gµν which governs the
propagation of closed string states such as the graviton and that given by Gµν which governs the
propagation of open string states such as the Born-Infeld photon. In general, the former lies outside
the latter except in two privileged directions corresponding to the two principal null directions or
eigenvectors of the background two-form field. To put things provocatively, gravitons almost always
travel faster than light.
1We use the convention {xi, pj}P.B. = δ
i
j .
2Bµν may be taken to stand for the background field or for the constant Kalb-Ramond 2-form. In string language
we are using units in which 2piα′ = 1
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One immediate consequence is that if the closed string metric admits no closed timelike curves
then neither will the open string metric. Another obvious consequence is that if the closed string
metric contains an event horizon then the open string metric will also contain an event horizon
which lies inside or on the closed string event horizon.
The comments in the last two paragraphs encode the global theme of this paper. Within many
physical theories, two non-conformal metric structures arise,
gµν and gµν + Sµν , (1.2)
where Sµν is some symmetric two-tensor. Geometrically they represent two sets of light-cones.
Questions regarding causality or the existence of event horizons might then become particularly
subtle. It is our purpose to discuss such issues in several contexts. For the aforementioned open ver-
sus closed string theory causal structures, there is some advantage in placing these properties in the
general context of non-linear electrodynamic theories, just as in the case of electric-magnetic duality.
Particularly so because a quite separate strand of recent research has been concerned with analogues
of black holes, closed timelike curves and circular null-geodesics in non-linear electrodynamics [37].
There is also considerable interest in black holes in theories of non-linear electrodynamics coupled
to Einstein gravity (some recent references are [38]).
In section 2 we look at general non-linear electrodynamics in a four-dimensional flat background.
Hence gµν is the Minkowski metric. The study of the propagation of fluctuations of the electromag-
netic field in a given electromagnetic background introduces naturally a second metric structure:
the Boillat metric ABoillatµν . We emphasize the special properties of Born-Infeld theory in at least
four senses: the existence of both electric-magnetic and Legendre duality and the absence of both
bi-refringence and shocks.
In section 3, we specialize to the case when the electrodynamics theory is Born-Infeld. One
can deal with a general curved background. So the natural background geometry is described by
gµν , the closed string metric. But open strings propagating in a non-trivial electromagnetic field or
Kalb-Ramond potential see a different metric: the open string metric Gµν , conformal to A
Boillat
µν .
We shall then see that if the closed string metric is static and the Born-Infeld field is pure electric
or pure magnetic then the open string metric cannot have a non-singular event horizon distinct
from the one given by the closed string metric, because on it the electric field E must either equal
its limiting value or the magnetic field B must diverge. Note that the metric Gµν is not invariant,
even up to a conformal factor, under Hodge duality δBµν = ⋆Bµν but, as we shall see, it is invariant
up to a conformal factor under electric-magnetic duality rotations.
In section 4 we show that scalar and spinor fluctuations around a Born-Infeld background are
governed by the open string metric.
In section 5 the bi-metric theme takes another perspective. Recently [36] examples have been
given of how dimensional reduction can alter the causal structure of stringy black holes. Consid-
ering a trivial dilaton field, the relation between the lower dimensional metric gµν and the higher
dimensional one gˆµν is of the form (1.2), with gˆµν = gµν +AµAν . With this motivation, we look to
higher-order Kaluza-Klein theory. We notice that it is possible to obtain Born-Infeld theory to sec-
ond order and still avoid ghosts, as long as the higher dimensional graviton is only excited along the
compact dimensions. We similarly show that the effective theory for QED, the Euler-Heisenberg
theory, may be obtained in this fashion, and discuss some properties of the theory obtained by
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starting with an Einstein-Hilbert plus Gauss-Bonnet action in higher dimensions [27]. This gives
an application of the general concepts discussed in section 2.
In section 6 we start by reviewing the results of section 2 considering the gravitational effects
of the electromagnetic background field. One is then led to consider besides the usual Einstein
metric gµν an effective co-metric of the form g
µν +ARµν . Another possible origin for such effective
metric is quantum renormalization of the propagator of test fields in a fixed background. We then
discuss the universality of black holes event horizons and thermodynamic properties, by applying
a result derived in the context of quantum renormalized metrics to the case of the Boillat metric
for non-linear electrodynamics coupled to gravity.
In section 7, we review an old attempt of Einstein and Schro¨dinger to construct a unified theory
of gravity and electromagnetism (see [43] for original references). One then introduces a metric
which has an antisymmetric part. The symmetric part gµν and the inverse of the symmetric part
of the inverse of the full metric, AEins−Schroµν have remarkable similarities with the closed and open
string metric, as first noticed by Boillat [14]. We discuss some exact solutions found by Papapetrou
[30].
We close with a discussion.
2 Causality in Non-Linear Electrodynamics
2.1 Characteristics and effective geometry
We consider a general Lagrangian L = L(x, y) depending on the Lorentz invariants x = 14FµνF
µν
and y = 14Fµν ⋆ F
µν .3 These are the only independent Lorentz invariants in four spacetime
dimensions. The energy momentum tensor is given by
Tµν = −LxTMaxwellµν +
1
4
Tgµν , (2.1)
where the trace and the Maxwell energy-momentum tensor are given by
T ≡ T µµ = −4(L− xLx − yLy), TMaxwellµν = −FµαFνβgαβ + xgµν . (2.2)
Since both TMaxwellµν and gµν (with mainly minus signature) satisfy the dominant energy condi-
tion, and the set of energy momentum tensors satisfying the dominant energy condition is a convex
cone, a sufficient requirement for Tµν to satisfy the dominant energy condition is that Lx < 0 and
T ≥ 0. An argument of Hawking and Ellis [2] then shows that propagation in the full non-linear
theory is causal in the sense that if at time zero all fields vanish outside some compact set, then
they will vanish outside the future of that set. In general one expects the fields to advance into
empty space with no background field at the speed of light and this expectation is supported by the
observation (originally due to Schro¨dinger [4]) that any solution of Maxwell’s linear electrodynamics
with vanishing invariants, x = y = 0, will also be an exact solution of non-linear electrodynamics.
Among such so-called self-conjugate solutions are the usual plane wave solutions which have unit
speed.
3We use a mainly minus metric signature and, contrary to Boillat and some other references who use the opposite
sign we choose L to have the standard sign such that for Maxwell theory L = −x. Subscripts indicate partial
differentiation.
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If a background field is present however these arguments require re-examination. One approach
might be to look at the energy momentum tensor of the fluctuations. We shall not do this here
but begin by considering the characteristics, which by definition are hypersurfaces along which
weak discontinuities propagate. Assuming Fµν to be discontinuous across the S(x
µ) = constant the
characteristics are given by [13, 15, 22, 24]
(T µνMaxwell + µg
µν)∂µS∂νS = 0. (2.3)
This has the form of a relativistic Hamilton-Jacobi equation for massless particles with effective co-
metric T µνMaxwell+µg
µν , and where S would be the action function. This effective metric also governs
the propagation of weak, but not necessarily discontinuous fluctuations around a background. Later
we will turn to the propagation of shocks and the behavior of fully non-linear fluctuations. The
function µ = µ(x, y) satisfies
̟µ2 + µ+ ω −̟(x2 + y2) = 0, (2.4)
where,
̟ =
LxxLyy − L2xy
Lx(Lxx + Lyy)
, (2.5)
and
ω =
Lx + x(Lxx − Lyy) + 2yLxy
Lxx + Lyy
. (2.6)
In the general case the characteristics exhibits bi-refrigence: µ(x, y), which for convenience
we parameterize as µ(x, y) = x + ζ±(x, y), can take two values, depending upon the polarization
state and the background field. Thus there are, in general, two metrics. The interpretation of
the quantities ζ± is that they correspond to critical electric field strengths above which the theory
breaks down. For exceptional theories the two values of ζ± coincide and there is a single light-cone
and no bi-refringence. Exceptional theories fall into two classes. The first has ̟ = 0. This happens
for instance if the Lagrangian L is independent of y, which includes Maxwell’s theory as a special
case. But not all theories with ̟ = 0 are exceptional in this sense. In fact, although (2.4) still
encodes relevant information for this case, it does not contain all the information anymore. One
example will be given in section 5.
For ̟ 6= 0, the only exceptional theory is Born-Infeld [15]. The latter is also very special in
that ζ± is a constant independent of x and y. It is the only theory for which this is true. We shall
use units in which this constant is taken to be one.
The condition that the theory admit electric-magnetic duality rotations is rather weaker. It
suffices that B ·E = D ·H [9], which implies that the Lagrangian satisfy the first order Hamilton-
Jacobi type equation
y(L2x − L2y)− 2xLxLy = y. (2.7)
The characteristics or wave surfaces may be thought of as null hypersurfaces of a metric whose
null geodesics correspond to the rays. Note that the characteristics and the rays depend only a con-
formal equivalence class of metrics, defined by (2.3). A particular choice of conformal representative
used by Boillat, which we shall refer to as the Boillat metric and co-metric, is given by
ABoillatµν =
1√
µ2 − x2 − y2 (µgµν − T
Maxwell
µν ) (2.8)
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CµνBoillat =
1√
µ2 − x2 − y2 (µg
µν + T µνMaxwell), (2.9)
so that4 ABoillatµα C
αν
Boillat = δ
ν
µ. As we shall see in detail later, in the case of Born-Infeld theory, the
open-string metric Gµν and the Boillat metric A
Boillat
µν are conformal.
Because
ABoillatµν =
µ− x√
µ2 − x2 − y2 (gµν −
1
µ− xFµαg
αβFβν), (2.10)
the Boillat metric has a remarkable expression as a sort of square root:
ABoillat =
µ− x√
µ2 − x2 − y2 (g +
1√
µ− xF )g
−1(g − 1√
µ− xF ). (2.11)
It follows easily that √
− detABoillatµν =
√− det gµν , (2.12)
in other words, the Boillat metric and the spacetime metric induce the same volume element.
The two principal null vectors common to both cones are annihilated by g + F/
√
µ− x or by
g − F/√µ− x .
We record for later use that if the background Einstein metric g is flat, then up to the conformal
factor 1/
√
µ2 − x2 − y2 the Boillat metric is
(µ− x)(dt2 − dx2)−E2dt2 + (E · dx)2 ± 2E×B · dxdt−B2dx2 + (B · dx)2. (2.13)
In the generic case, one may diagonalise the Boillat metric with respect to the usual spacetime
metric gµν . This gives the speeds of propagation of the fluctuations in the associated inertial frame.
In this frame the Poynting vector E ×H = −LxE × B vanishes. The velocities, i.e. the ratio of
spacelike to timelike eigenvalues, turn out to be
(1,
µ−
√
x2 + y2
µ+
√
x2 + y2
,
µ−
√
x2 + y2
µ+
√
x2 + y2
). (2.14)
Thus in general there are two directions in which the Boillat-cone touches the usual Einstein light-
cone, corresponding to the first component of (2.14). These are the principal null directions of Fµν .
Note that Fµν and any duality rotation of it have the same principal null directions. In Figure
1, we represent the light cones for the effective plus Einstein geometry. The left cones illustrate
the case with bi-refringence; we then have the Einstein plus two effective geometry cones. For the
causal case, the Einstein cone will be C1. All the cones touch in two points, along the principal
null directions of Fµν . The cones in the centre of Figure 1 illustrate the exceptional case (like the
Born-Infeld or open string theory case) where the effective geometry only possesses one light cone.
It may happen that the two principal null directions coincide. This occurs if and only if x =
0 = y. In this case the metric takes the form,
ABoillatµν = gµν − lµlν , (2.15)
4Throughout this paper all indices will be raised or lowered using the usual Einstein or closed string metric gµν
with the exception of the open string metric Gµν whose inverse is denoted by G
µν in accordance with string theory
conventions.
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BI-REFRINGENCE
C1
C2
PRINCIPAL NULLPRINCIPAL NULL
EXCEPTIONAL CASE
DIRECTIONS  DIRECTIONS 
DEGENERATE PRINCIPAL
DIRECTIONNULL
DEGENERATE CASE
C1
C2
EINSTEIN PLUS EFFECTIVE GEOMETRIES
Figure 1: Cones for the Einstein geometry and effective geometry describing the propagation of
fluctuations in a non-trivial background Fµν field. If condition (2.16) is obeyed, C1 is the Einstein
cone, C2 (and C3 for the non-exceptional case) the effective geometry cones. The cone on the right
represents the exceptional degenerate case.
where lµ is parallel to the principal null direction. The characteristic cone touches the Einstein cone
along a single generator. This degenerate case is illustrated for exceptional theories in Figure 1
right. For a generic electromagnetic field the principal null directions will coincide on a submanifold
of dimension (and also co-dimension) two, N . The complement M\N in the spacetime manifold
M, may not be simply connected. This gives rise to ambiguities in defining the ‘complexion’
1
2 arctan y/x of the electromagnetic field. In many ways, particularly if it is timelike, N behaves
rather like a cosmic string [33].
In string theory, if a dilaton Φ is present, one distinguishes between the Einstein metric gµν
and the (closed)-string metric e−2Φgµν . However both have the same (Einstein) light-cone, i.e.,
they are conformal. This is because the dilaton is a state of the closed string. It seems therefore,
at least at the level of approximation we are considering, that there are just two causal structures
and two sets of cones: the open and the closed. Of course from the strict string theory point of
view one refers brane and the other to bulk propagation but we have in mind situations where the
distinction is not sharp, such as for example in the case of space-filling branes, or when considering
gravitons confined to, or at least moving parallel to, the surface of a brane.
A sufficient condition that the Boillat-cone does not lie outside the usual Einstein light-cone,
i.e. that the speeds never exceed unity is that both µ’s must satisfy
µ >
√
x2 + y2 ≡ r. (2.16)
In terms of the coefficients in (2.4) this requirement reads ω < −r, −1/(2r) < ̟ < 0. Specialized
to the Born-Infeld case (2.16) yields positive the quantity under the square root in the Born-Infeld
action.
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2.2 Wave surfaces and Ether drift
Boillat [15] has calculated the wave-front produced by waves moving outwards from a point source
with respect to an inertial frame in which the Poynting vector E×H = −LxE×B does not vanish.
If
w =
1
2
(E2 +B2), a =
√
µ+
√
x2 + y2
µ+ w
, b =
√
µ−
√
x2 + y2
µ+ w
, (2.17)
and c = ab, so that 1 > a ≥ b > c, he finds that it is given by the family of ellipsoids (in cartesian
coordinates (x, y, z))
x2
a2
+
y2
b2
+
(z − tvdrift)2
c2
= t2, (2.18)
where the drift velocity is given by
vdrift =
E×B
µ + w
. (2.19)
Since v2drift = (1− a2)(1− b2), the drift velocity is always less than one. Therefore, the presence of
the background electromagnetic field causes the drift of the origin of disturbances and establishes
preferred directions in spacetime; in a sense plays the role of ‘ether’.
2.3 Convexity of the Hamiltonian Function
The energy density or Hamiltonian density T00 should be considered as a function H(D,B) of the
canonically conjugate variables (D,B) (in the sense of (1.1)). Their time evolution is obtained by
taking the curl of (H,−E) where the constitutive relation (E,H) = (∂H/∂D, ∂H/∂B) holds. In
other words (E,H) and (D,B) are related by a Legendre transformation and in this sense one may
regard the variables (E,H) as canonically conjugate to the variables (D,B). Of course this is a
different sense of canonically conjugate than that in which B and D are canonically conjugate. It
is a covariant sense in which one thinks of the space of Faraday tensors Fµν (possibly subject to the
closure constraint ∂[µFντ ] = 0) as the covariant configuration space rather than the non-covariant
configuration space of magnetic induction fields B subject to the constraint divB = 0.
The Legendre transformation will be well defined and invertible if and only if the Hamiltonian
density H(B,D) is a convex function of it’s arguments. In other words the matrix of second
derivatives or Hessian is positive definite. Note that in general H may be defined only in a portion
of the six-dimensional space of possible D and B ’s and the Legendre transform may only map into
part of six-dimensional space of possible E and H ’s. Thus for example, in the case of Born-Infeld
theory
H =
√
(1 +B2)(1 +D2)− (B ·D)2 − 1, (2.20)
which is, in fact, defined for all B and D. However the inverse Legendre transformation is effected
by means of the function
1−
√
(1−H2)(1−E2)− (E ·H)2. (2.21)
which is defined only over the domain of (E,H) given by
E2 +H2 < 1 + (E×H)2. (2.22)
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Figure 2: The Gibbs surface is the Lagrangian function. Inverting the constitutive relations, to
find E = E(B,D), corresponds to finding the E coordinate of the contact point of the Gibbs
surface with a plane with slope D along a line of constant B. Convexity is necessary for the inverse
constitutive relations to be well defined.
Born-Infeld theory is one with the same constant upper bound for both the electric (at zero magnetic
field) and magnetic field strengths (at zero electric field).
Of course it should be borne in mind that singling out a particular pair of variables is rather
artificial. The underlying invariant geometric structure is the 12-dimensional symplectic vector
space with symplectic form dB · ∧dH + dD · ∧dE and a Lagrangian submanifold which defines
the constitutive relations. If one wishes one may pass to a 13 dimensional contact manifold with
contact form dL−D ·dE+H ·dE. Then the constitutive relation provides a Legendre submanifold,
which of course on projection onto the L coordinate gives back the Lagrangian submanifold. One
may instead perform a projection onto any pair of the 12 vector coordinates to obtain a “Gibbs
surface” in a seven-dimensional space. Picking for example the pair (E,B) the Gibbs surface is
given by
L = 1−
√
1−E2 +B2 − (B ·E)2. (2.23)
This is defined only in the domain D ⊂ R6 connected to the origin for which det(g+F ) < 0, that is
E2−B2 + (B ·E)2 < 1. Geometrically for example, to find E as a function of D and B one brings
up a 6-plane parallel to the B axis whose slope is given by D until it touches the Gibbs surface.
The point of contact defines E. If the Gibbs surface is convex there will be only one such contact
point. This is illustrated in figure 2.
Convexity will guarantee that all these projections are well defined over the relevant domain
and that, the surface has no folds for example as it would if the system exhibited some sort of
hysteresis phenomenon. For a general non-linear electrodynamic theory the Hessian will only be
positive definite over some domain in (B,D) space. Outside that domain the constitutive relation
is just that: a relation rather than a function.
The components of the Hessian are just the electric permitivities and magnetic permeabilities.
They govern the behaviour of small disturbances around a background. Thus the background will
be stable as long as the Hessian is positive definite. The equations for small fluctuations will also
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be hyperbolic as long as the Hessian is positive definite [19].
2.4 Shock Waves and Exceptionality
In Maxwell theory, in flat space E3,1, there exist traveling wave solutions of the form
Fµν = f(S)F
0
µν , (2.24)
where f is an arbitrary function of it’s argument, S = n · x− vt, and n is a constant unit 3-vector.
For fixed n these represent a train of parallel waves moving with unit speed in a fixed direction.
The arbitrary function f allows us to pick the profile of the wave train arbitrarily. One may even
choose it to be discontinuous. The amplitude of the wave is constant on a family of wave surfaces
S = constant which correspond to a family of spacetime parallel null hyperplanes whose intersection
with any surface of constant time gives a family of parallel 2-planes in E3. Because they move at
the speed of light, wave trains cannot be brought to rest by means of a Lorentz transformation.
In non-linear theories in flat space one may, by analogy, adopt the ansatz
Fµν = F
0
µν(f(S)), (2.25)
where F 0µν will now in general depend on the arbitrary function f and where
S = n · x− v(n, S)t. (2.26)
Now we get a family of hyperplanes S = constant in E3,1 but they are no-longer parallel, although
their intersections with any surface of constant time still gives a family of parallel 2-planes in E3.
The wave train therefore moves with in a constant direction but not with constant speed. They
may slow down or speed up in the sense that a hyperplane which passes a given point in space at
a later times may have a smaller or greater speed v(n, S). The hyperplanes will thus in general
intersect (see figure 3). At these locations the ansatz breaks down. Neighbouring hyperplanes will
envelope a caustic hypersurface obtained by eliminating S from the equations
S = n.x− v(S)t, 1 = −v′(S)t, (2.27)
where ′ indicates differentiation with respect to S. Exceptional waves are those for which
v′(S) = 0. (2.28)
If all waves are exceptional, i.e. if v′ = 0 ∀S, then parallel hyperplanes are possible. If v 6= 1 these
can be brought to rest by means of a Lorentz transformation. One then has stationary solutions 5
depending upon two arbitrary functions f1(z) and f2(z) of a single spatial coordinate, z say. We
shall give concrete examples in the next section for the Born-Infeld case.
To understand the the physical significance of exceptionality, in the sense of the absence of shock
waves, one should consider non-exceptional theories which do admit shock waves. As theories they
are essentially incomplete. One needs extra physical assumptions to render the evolution beyond
the shock. This typically may come from some underlying more fundamental theory. Thus the
5We say stationary rather than static because the Poynting vector may not vanish
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Figure 3: Family of hyperplanes describing the propagation of wave fronts. If the hyperplanes
intersect (right figure) the theory will be singular. Regularity (left figure) arises for exceptional
theories only, like Born-Infeld, which have no shock formation.
predictions of classical theory admitting shocks, or indeed other singularities, cannot be trusted in
situations where they arise or are about to arise. In this sense such theories “predict their own
demise”, something that is often said of classical general relativity. By contrast a classical theory,
such as Yang-Mills theory, for which the evolution of regular finite energy initial data remains
non-singular for all times [25] is certainly complete as a theory, even though, because of quantum
mechanics one does not trust every classical prediction. To check the reliability of a classical
prediction we must check to see how it might be effected by quantum effects. Generally speaking,
we expect classical Yang-Mills theory to be useful in the weak coupling limit and when dealing with
very massive excitations such as magnetic monopoles.
Classical general relativity is known to admit singularities as a consequence of gravitational
collapse. Only for weak data do we expect non-singular evolution for all time [12]. There exist
fully non-linear non-singular solutions of general relativity depending upon two arbitrary functions
propagating at unit speed. These are the pp-waves. They may be generalized to propagate in
an Anti-de-Sitter background [20]. In some ways AdS is analogous to a background B field. But
pp-waves wave-fronts in AdS are null hypersurfaces of the AdS metric. This is in contrast with Born-
Infeld theory and other non-linear electrodynamical theories, where there are plane wave solutions
traveling in some non-flat background spacetime at a slower speed. Again, by contrast with Born-
Infeld theory, the collision of two pp-waves gives rise to a spacetime singularity [21]. Such waves
definitely cannot pass through one-another. In this respect Born-Infeld theory resembles Yang-
Mills theory more than it does general relativity [25]. One is tempted to speculate that it may be
a complete classical theory. Even if this is so, any of its classical predictions is subject to quantum
correction unless there is some reason, such as supersymmetry, for believing that the quantum
corrections vanish.
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2.5 Covariant Legendre Transformation
We introduce here a dual notation via the fields Pµν and Nµν ≡ ⋆Pµν . This notation has the
advantage of making Legendre self-duality of Born-Infeld theory manifest.
In the dual notation, the field equations of any non-linear theory of electrodynamics are
∇µPµν = 0, (2.29)
or, in form language, d ⋆ P = 0, where the field Pµν is defined by
dL = −1
2
PµνdFµν . (2.30)
Pµν coincides with Fµν for Maxwell’s theory. In general it reads
Pµν = −(LxFµν + Ly ⋆ Fµν). (2.31)
The components of Pµν are just D and H. Using this two-form, the energy-momentum tensor can
be cast in a form identical to TMaxwellµν
Tµν = −PµαgαβFνβ − gµνL. (2.32)
The formulation of the theory in terms of Pµν is dual to the Fµν formulation in the sense of a
Legendre transformation. In fact if one takes the Legendre transform with respect to Lˆ by
Lˆ = −1
2
PµνFµν − L, (2.33)
one has
dLˆ = −1
2
FµνdP
µν , (2.34)
in analogy to (2.30). For the special case of a purely electric configuration in flat space, Lˆ is the
ordinary Hamiltonian. Introducing the Hodge dual field Nµν ≡ ⋆Pµν , and defining s ≡ 14NµνNµν =
−14PµνPµν and t ≡ 14 ⋆NµνNµν = −14Pµν ⋆Pµν then the theory is specified by giving Lˆ as a function
of s and t. Then we have
Fµν = LˆsPµν + Lˆt ⋆ Pµν . (2.35)
The energy momentum in tensor in terms of the dual variables follows from (2.33) and (2.35):
Tµν = LˆsT
Maxwell
µν [P ]− gµν(sLˆs + tLˆt − Lˆ), TMaxwellµν [P ] = −PµαgαβPνβ − sgµν . (2.36)
Sufficient conditions for the dominant energy condition to hold are
Lˆs > 0, sLˆs + tLˆt − Lˆ ≥ 0. (2.37)
In the case of Born-Infeld theory one has t = −y by electric-magnetic duality invariance and
expressing also x in terms of (s, t) one gets
− Lˆ = 1−
√
1 + 2s− t2 ⇔ L(Fµν) = −Lˆ(Nµν). (2.38)
For Legendre self-dual theories like Born-Infeld, the equations describing propagation of pertur-
bations (2.3), (2.4), will have exactly the same form in terms of the variables (x, y) as they do in
terms of the variables (s, t).
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3 Born-Infeld/String theory
3.1 Open and Closed string metrics
The open string metric Gµν is usually obtained as follows [31].
6 One starts with the matrix g + F
whose components are gµν + Fµν . Then one inverts to obtain a matrix with components( 1
g + F
)µν
= Gµν + θµν , (3.1)
where Gµν is symmetric and θµν is antisymmetric. Let Gµν be the inverse of G
µν , i.e. GαµG
µβ = δβα.
Calculation reveals that
Gµν = (G−1)µν =
(
(g − F )−1g(g + F )−1)µν , (3.2)
which is conformal to the inverse of (2.11) specialized to the Born-Infeld case. Then one checks
that
Gµν = gµν − FµαgαβFβν . (3.3)
A slightly more involved calculation shows that
θµν = − 1
1 + 2x− y2 (F
µν − y ⋆ Fµν) = − 1√
1 + 2x− y2P
µν , (3.4)
where Pµν is the dual Maxwell field in the sense of (2.30). In verifying (3.4) the following four
dimensional matrix identities are useful (where 1 stands for the identity matrix):
g−1Fg−1 ⋆ F = −y1, (3.5)
g−1Fg−1F − g−1 ⋆ Fg−1 ⋆ F = −2x1, (3.6)
and hence
(g−1F − yg−1 ⋆ F )(g−1F + 1
y
g−1 ⋆ F ) = −(1 + 2x− y2)1. (3.7)
Comparing (3.3) with (2.8) one sees that the open string metric is equal, up to a conformal factor,
to the Boillat metric governing the propagation of fluctuations around a Born-Infeld background:
Gµν =
√
1 + 2x− y2ABoillatµν . (3.8)
Relations (3.8) an (3.4) translate the stringy quantities Gµν and θµν into pure non-linear electro-
dynamics language, i.e. the metric describing fluctuations around a fixed background and the dual
Maxwell field.
An essential requirement on the causal structure defined by the open string metric is to be
invariant under electric-magnetic duality rotations. To examine this we recall that the stress tensor
of Born-Infeld theory, which is known to be invariant [9], is given by
gµν − T µνBorn−Infeld =
2√− det g
∂
√− det(g + F )
∂gµν
(3.9)
6We will always use Fµν for the gauge field, but it might represent the Kalb-Ramond potential Bµν .
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But
δ
√
− det(g + F ) = 1
2
√
− det(g + F )
( 1
g + F
)µν
δgµν . (3.10)
Thus
gµν − T µνBorn−Infeld =
√− det(g + F )√− det g Gµν . (3.11)
Since the left hand side of (3.11) is invariant so is the right hand side. Notice that the scalar√− det(g + F )/√− det g is not invariant but its change merely induces a conformal transformation
in Gµν and hence in Gµν , preserving the causal structure. It is worthwhile noticing that the right
hand side of (3.11) coincides with the Boillat co-metric
gµν − T µνBorn−Infeld = CµνBoillat, (3.12)
which is therefore completely invariant under electric-magnetic duality rotations. It is easily seen
from (2.12) that the determinant of both sides of (3.12) equals det gµν . Thus we get the remarkable
result that
det(δµν − TBorn−Infeld µν ) = 1. (3.13)
In the next subsections we illustrate the results above by analyzing the geometries seen by open
strings in several special cases. We use the simplest exact solutions to Born-Infeld theory: plane
wave solutions and spherically symmetric solutions.
3.2 Exact plane wave solutions
Boillat [16] found an exact stationary solution to Born-Infeld theory given in terms of two arbitrary
functions f1,2 of only one of the cartesian coordinates, say z, with an electric field and a magnetic
induction given by
E = coshαi+ (coshα sinh βf1(z)− sinhαf2(z))k,
B = (coshαf2(z)− sinhα sinhβf1(z))i − cosh βf1(z)j+ sinhαk,
(3.14)
where α, β are arbitrary constants. The magnetic field and electric induction are easily obtained
via the constitutive relations. The two Lorentz-invariants are
− 2x = 1− f21 − f22 , y = f2, (3.15)
so that the Born-Infeld lagrangian equals 1− |f1|. The Poynting vector P = E×H is given by
2|f1|P =
(
f21 coshα sinh 2β − 2f1f2 sinhα cosh β
)
i+
+
(
2f1f2 sinhβ cosh 2α− sinh 2α(f21 sinh2 β + f22 + 1)
)
j− 2 coshα cosh βf1k.
(3.16)
One might wonder if these stationary solutions may be interpreted as domain wall solutions. That
is can one choose the asymptotic values of the arbitrary functions f1 and f2 so as to interpolate
between two stable “ground states”? One would then expect to have a static family of domain
walls, that is, a non trivial solution for which the Poynting vector would be zero. However, this is
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not allowed by Pz in (3.16): f1 would need to be zero for which case D,H blow up. Therefore one
finds no domain walls, just as in Maxwell’s theory.
By performing a Lorentz transformation on (3.14), one gets the general fully non-linear sub-
luminal plane wave solution. It presents no shocks, in accordance to section 2.4., since it propagates
with constant speed. In general we do not expect superposition to hold in non-linear electrody-
namics and therefore such plane waves propagating on top of some background solution should
not solve the equations of motion anymore. However, the plane waves obtained by boosting (3.14)
may be superimposed to a background field and still yield a solution to Born-Infeld, as shown in
[18]. Therein a background magnetic field along the x-axis and electric field along the y-axis are
considered: B = Bi , E = Ej so that E×B = −EBk. If we set
v± =
−EB ±√1− E2 +B2
1 +B2
=
1− E2
EB ±√1− E2 +B2 , (3.17)
one checks that plane waves traveling in the z-direction can be superimposed to the background
field. The waves can do so in two polarization states, with the electric and magnetic field given by:
• (e,b) = (v±j,−i)f‖(z − v±t) for the parallel polarization state,
• (e,b) = (v±i, j)f⊥(z − v±t) for the perpendicular polarization state,
where f‖ and f⊥ are arbitrary functions of their argument. Note that there is a net drift in the z
direction
vdrift =
1
2
(v+ + v−) = − EB
1 +B2
, (3.18)
in agreement with (2.19). This drift effect may be understood as a consequence of Lorentz-
invariance. If B2 > E2 and one performs a Lorentz boost with velocity u = E/B one may pass to a
frame in which the electric field vanishes and the magnetic field becomes equal to B0 =
√
B2 − E2.
Now the velocity v0 in the this frame is symmetric with respect to reversing the z-direction and is
given by
v0 =
1√
1 +B20
. (3.19)
One may check that v±, v0 and u satisfy the usual relative velocity addition formula
v± =
u± v0
1± uv0 . (3.20)
If E2 > B2 one may reduce the magnetic field to zero. The electric field in the de-boosted frame
will be E0 =
√
E2 −B2 and v0 =
√
1− E20 . In these two case the open string metrics are (using
(2.13)),
ds2open = dt
2 − dx2 − (1 +B20)(dy2 + dz2) (3.21)
and
ds2open = (1− E20)(dt2 − dy2)− dx2 − dz2 (3.22)
In terms of the electric induction D0 the latter is
ds2open =
1
1 +D20
(dt2 − dy2)− dx2 − dz2. (3.23)
which illustrates invariance of the open string metric up to a conformal factor under the discrete
electric-magnetic duality transformation (B,D) → (−D,B). The general metric may be obtained
using a Lorentz transformation.
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3.3 BIons and other Static solutions
Non-linear electrodynamic theories typically admit static finite energy solutions with distributional
sources. Because they have sources and also have (albeit mild) singularities, these solutions are not
solitons in the usual sense of the word. In [11] they were called BIons. For the electrically charged
BIon of Born-Infeld theory we find the open string metric to be
ds2open =
r4
1 + r4
(dt2 − dr2)− r2(dθ2 + sin2 θdφ2). (3.24)
The scattering of null geodesics is most conveniently represented as geodesics of the optical metric
ds2optical = dr
2 +
1 + r4
r2
(dθ2 + sin2 θdφ2), (3.25)
which is easily seen to admit a 2-sphere of circular geodesics at r = 1 surrounding an infinite
redshift infinite area naked singularity at finite proper distance situated at r = 0. Such geodesics
correspond to null geodesics of (3.24).
The open string metric for the magnetically charged BIon is different:
ds2open = dt
2 − dr2 − 1 + r
4
r2
(dθ2 + sin2 θdφ2). (3.26)
However the optical metrics are identical and in fact the two metrics are conformally related.
This example may be generalized to any static configuration in Minkowski spacetime. By static
one means that the Poynting vector vanishes, so that E ×B = 0. The open string metric is then
also static and given by
ds2open = (1−E2)dt2 − dx2 + (E · dx)2 −B2dx2 + (B · dx)2. (3.27)
Since |E| ≤ 1 we have G00 ≥ 0, moreover G00 = 0 implies that |E| = 1. Thus any static event
horizon of the Boillat metric which is not an event horizon of the Einstein metric must be singular,
just as in the case of a single BIon solution.
Now consider what happens if the closed string metric g ceases to be flat but remains static .
One has
G00 = g00 + Fi0Fj0g
ij = g00(1 + 2x). (3.28)
Clearly, as long as x > −1/2 the sign of G00 is determined entirely by the sign of g00. Thus unless
the electric field reaches the critical value, there can be no open-string static event horizon which
is not also a closed string event horizon.
This result is really obvious from the viewpoint of electric-magnetic duality because we could
instead have considered a purely magnetic field. In this case
G00 = g00, (3.29)
and the magnetic field has no effect on that part of the metric which governs the location of event
horizons. Actually, these results do not depend upon the detailed form of the open string metric
obtained from Born-Infeld theory, nor upon electric-magnetic duality. They hold quite generally,
as may be seen directly from the general expression (2.13) for the metric. At an event horizon we
need
E2 = ζ±, (3.30)
That is the electric field attains it limiting value at which point the theory breaks down.
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3.4 The Boillat metric and Bionic scattering
In this subsection we apply the fore-going theory to the problem of scattering off the supersymmetric
BIon or spike solution of the Dirac-Born-Infeld equations of motion [11, 6]. This has been the
subject of a number of detailed studies (see [47, 48] and references therein). Physically the solution
represents a fundamental string attached to a D-brane. It is static and the transverse displacement
of the brane is given by a scalar field φ(x). The metric g induced on the brane is thus
ds2 = dt2 − (dx)2 − (∇φ · dx)2. (3.31)
Using the Bogomol’nyi conditions
E = ±∇φ, (3.32)
where
∇2φ = 0, (3.33)
the induced metric becomes
ds2 = dt2 − (dx)2 − (E · dx)2. (3.34)
The open string metric then becomes
ds2open =
dt2
1 +E2
− (dx)2. (3.35)
This metric generates the same classical scattering as the Lagrangian (77) of [48]. In the case of a
single susy BIonic spike we get
ds2open =
(
r4
1 + r4
)
dt2 − dr2 − r2(dθ2 + sin2 θdφ2). (3.36)
All the information about the classical scattering is now contained in Gµν .
4 Other spins
Born-Infeld actions maybe extended to include scalars and spinors. In this section we shall inves-
tigate the characteristics of these fields around a background constant B field.
4.1 Scalars
The Born-Infeld action with a single scalar field reads
S =
∫
d4x
(√
−det(gµν)−
√
−det(gµν + Fµν − ∂µφ∂νφ)
)
. (4.1)
Expanding around a background F -field and retaining only quadratic terms in φ we get the S-
duality invariant expression
S ≃ SBI + 1
2
∫
d4x
√−gCµνBoillat∂µφ∂νφ. (4.2)
SBI is the usual Born-Infeld action. Therefore, as expected, scalar perturbations propagate accord-
ing to the characteristics of the open string metric.
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4.2 Spinors
Consider a general Dirac action of the form
SD =
i
2
∫
d4xµ
(
Ψ¯γαa
αβ∇βΨ+ . . .
)
, (4.3)
where µ is a scalar density, aµν = (a)µν are the components of a contravariant second rank tensor
which need be neither symmetric or antisymmetric and the ellipsis denotes other possible terms in
fermions but with no derivatives.
The gamma matrices γ generate the Clifford algebra associated with the closed string metric g
{γα, γβ} = 2gαβ . (4.4)
The characteristics of this system are easily seen to be given by the co-metric
aαµgαβa
βν , (4.5)
which are the components of atga. Note that we could rewrite the action as
SD =
i
2
∫
d4xµ
(
Ψ¯Γα∇αΨ+ . . .
)
, (4.6)
where
Γα = γβa
βα. (4.7)
In the case of Born-Infeld theory, it is natural to take a = (g+B)−1, in which case use of (3.2) shows
that the characteristics as determined by (4.5) are given by the open string metric. Moreover, the
gamma matrices introduced in (4.7) generate the Clifford algebra associated with the metric atga
{Γα,Γβ} = 2aαµgαβaβν . (4.8)
For the Born-Infeld case this is the open string Clifford algebra.
Consider the Born-Infeld-Volkov-Akulov action which arises when one supersymmetrizes the
Born-Infeld action.
SDBIV A =
∫
d4x
(√
−det(gµν)−
√
−det(gµν + Fµν +Bµν − ∂µφ∂νφ+ iΨ¯γµ∇νΨ)
)
. (4.9)
In the absence of B,φ and A fields this reduces to the Volkov-Akulov action [42]. Expanding to
quadratic order in fermions gives a spinor action of the form SD, with µ =
√− det(g +B) and
a = (g +B)−1. Thus, as one might have anticipated, the fermions characteristic cone is also given
by the open string metric.
4.3 Gravitons
It is not clear whether gravitons propagating in an external B field would have their characteristics
modified, since these are closed string modes and propagate on the bulk. However, in the light of
the fact that we now believe that gravity can be localized on the brane [41], one might be tempted
to speculate that under some circumstances that should happen. If that is the case the obvious
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guess for the characteristics would be the open string metric. Indeed precisely this happens in
Einstein-Schro¨dinger theory. This is a unified theory in which the usual symmetric Einstein metric
is replaced by an arbitrary 4 × 4 (or more generally in n spacetime dimensions an n × n) tensor
field a which we write suggestively as:
(a−1)αβ = aαβ = gαβ +Bαβ. (4.10)
Lichnerowicz and Maurer-Tison [39, 40] showed that some of the small fluctuations have charac-
teristics given by the symmetric part of the co-metric, i.e. a(µν) ≡ GµνEins−Schro, in striking analogy
to the open string/Born-Infeld case. Therefore the properties of these characteristics are the same
as the ones presented in section 2 and 3. However, the theory exhibits a kind of bi-refringence, due
to the existence of a second set of (co-)cones for small fluctuations, given by [40]7
2
det gαβ
det (gαβ +Bαβ)
gµν −GµνEins−Schro. (4.11)
If we define T µνEins−Schro by an expression similar to (3.11) replacing G
µν by GµνEins−Schro and F by
B, our two co-metrics are conformal to, respectively:
gµν − T µνEins−Schro,
(
2
√
det gαβ
det (gαβ +Bαβ)
− 1
)
gµν + T µνEins−Schro. (4.12)
Just as in the BI case the first set of light cones will lie inside the Einstein cones. But because of the
opposite sign in T µνEins−Schro, the second set of light cones will be outside both the first set of cones
and the Einstein light cones. The former result was pointed out in [40] while the latter appears
to confirm the pathological properties of this theory, in that some fluctuations are tachyonic with
respect to the Einstein metric. Presumably these fluctuations can carry negative energy
We shall return to this theory in section 7. Before doing so we should recall that Einstein-
Schro¨dinger theory appears to break invariance under the gauge transformation B → B + dA and
for this reason it has been claimed to admit negative energy states [43].
4.4 Gravitinos?
This is a short subsection because as yet we have no consistent supergravity brane solution and
thus as far as we know no consistent theory of a gravitino propagating on a brane. However if such
a theory exists and the gravitino propagation is affected by a background B field then there is an
obvious suggestion for the characteristics.
5 Non-Linear Electrodynamics from U(1) Kaluza-Klein Theory
Kaluza-Klein theory stems from the fact that the Ricci scalar for the (D + 1) dimensional ansatz
dsˆ2 = ds2 + (dy +Aµdx
µ)2, (5.1)
7We would like to thank M.Clayton for poining out to us the existence of this second light cone.
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is Rˆ = −x, i.e., the Maxwell Lagrangian. Here ds2 is the D-dimensional Minkowski metric and y
the coordinate along the extra dimension. It is known, however, that the truncation of Kaluza-
Klein theory to pure electromagnetism is not consistent. In fact, considering a trivial scalar field
implies x = constant via the scalar equation of motion. We will not be concerned about this point
in what follows, but rather study some properties of the electrodynamical theory that arises from
considering the lowest order in α′ tree level string theory corrections to the Einstein-Hilbert action
in dimensions higher than four. Full study of such Kaluza-Klein theory must be performed by
considering also gravitational and scalar excitations.
With the ansatz (5.1) the curvature invariants of second order inD+1 dimensions are (excluding
a possible Chern-Simons term):
Rˆ2 = x2, RˆMN Rˆ
MN = x2 + 12∂βF
β
α ∂µF
αµ + 14FµνF
ναFαβF
βµ,
RˆMNPQRˆ
MNPQ = 6x2 + 58FµνF
ναFαβF
βµ + ∂αFµσ∂
αFµσ .
(5.2)
The most general parity conserving term quadratic in the curvature is then
RˆMNPQRˆ
MNPQ + aRˆMN Rˆ
MN + bRˆ2 =
= (6 + a+ b)x2 + 5+2a8 FµνF
ναFαβF
βµ + 4+a4 ∂αFµν∂
αFµν + ...,
(5.3)
where the dots stand for total derivatives. Hence, the terms with derivatives of the field strength
in (5.2) cancel (up to total derivatives) in the combination RˆMNPQRˆ
MNPQ − 4RˆMN RˆMN , thus
avoiding ghosts in the propagation of the electromagnetic field. Actions with such derivative terms
have nevertheless been considered in the past, as in the Bopp-Podolsky action [29]. We will require
the cancellation of ghosts and therefore consider the dimensional reduction of an action of the type
S =
1
16πGD+1
∫
dD+1xˆ
√
gˆ
(
Rˆ+Υ(RˆMNPQRˆ
MNPQ − 4RˆMN RˆMN + bRˆ2)
)
. (5.4)
Specializing to D = 4, where one can use the identity FµνF
ναFαβF
βµ = 8x2 + 4y2, we get the
lagrangian
LKK = −x+Υ
(
(b− 1)x2 − 3
2
y2
)
. (5.5)
One notices the absence of an xy parity breaking term to this order. In principle one could bring
such term into the theory by including a Chern-Simons term. In D + 1 = 5, two such possible
terms are
SCS =
∫
tr(RˆAB ∧ RˆBC ∧X), or SCS =
∫
tr(RˆAB ∧ RˆBC ∧ wˆCD), (5.6)
for some one form field X, or using the one form connection wˆ. The second and most natural
possibility gives, however, terms of order higher than the ones considered in LKK. For the first
possibility, the most natural choice of X is as being dual to the fiber direction ∂/∂y; then the first
possibility contributes only to the ghosts. Hence we will not consider them anymore.
By arranging the constants b and Υ in (5.5), one can recover several interesting cases which
analyse in the following subsections.
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5.1 Gauss-Bonnet electromagnetism
This theory is obtained for b = 1 [27] (see also earlier work in [28]). As pointed out in [26], an
analysis for linear perturbations of the gravitational field shows that ghost cancellation requires Rˆ2
to enter the combination (5.3) as
Ω2 = RˆMNPQRˆ
MNPQ − 4RˆMN RˆMN + Rˆ2 4D= 1
4
Rˆ ABMN Rˆ
CD
PQ η
MNPQηABCD. (5.7)
η is the Levi-Civita tensor, not density. This is the Gauss-Bonnet combination. The last equality,
which holds in four dimensions where the four-form η is the volume form, shows it is the second
Euler density, a topological term in four dimensions but dynamical in higher dimensions. We recall
that the first Euler density, topological in two dimensions but dynamical in higher is just the Ricci
scalar:
Ω1 = Rˆ
2D
=
1
2
Rˆ ABMN η
MNηAB . (5.8)
The last equality holds in two dimensions, where the two-form η is the volume form. The Gauss-
Bonnet combination is usually referred to as describing the first order string theory corrections
to general relativity [26]. The first order (in α′) stringy gravitational action can then be written
exclusively in terms of Euler densities (that does not seem to be the case already at third order):
S(1) =
1
16πGD+1
∫
dD+1xˆ
√
−gˆ(Ω1 +ΥΩ2), (5.9)
with Υ ∝ α′. That S(1) is the correct effective action relies on two arguments. Matching the
amplitude for the scattering of three on-shell gravitons in bosonic closed string theory only fixes
the (RˆMNPQ)
2 term; the (RˆMN )
2 and Rˆ2 do not contribute to the on-shell amplitude. These are
fixed by the no-ghost requirement, since one does not see any ghosts in the string spectrum. But
for purely electromagnetic excitations within a Kaluza-Klein context, the no-ghost requirement is
more relaxed and makes sense to consider an arbitrary Rˆ2 coefficient.
In non-covariant language, the Gauss-Bonnet lagrangian is described by
LGB = 1
2
(
E2 −B2 − 3Υ(E ·B)2) . (5.10)
5.1.1 Properties of Gauss-Bonnet electromagnetism
The constitutive relations are very simple and easily invertible. E and H may be expressed in
terms of B and D as
E = D+
3Υ(B ·D)
1− 3ΥB2 B, H = B+
3Υ(B ·D)
1− 3ΥB2 D+
(
3Υ(B ·D)
1− 3ΥB2
)2
B. (5.11)
It follows from the constitutive relations that B ·E 6= D ·H. Therefore this theory does not admit
electric-magnetic duality.
The Hamiltonian becomes
HGB = 1
2
(
E2 +B2 − 3Υ(E ·B)2) = 1
2
(
D2 +B2 +
3Υ(B ·D)2
1− 3ΥB2
)
. (5.12)
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The dominant energy condition for the theory is obeyed if Υ < 0. Hence the first expression for the
Hamiltonian shows the energy is positive, whereas the one in terms of the canonically conjugate
variables B and D imposes no upper-bound on the magnitude of the magnetic induction. However,
the expressions for B and D in terms of E and H,
B = H− 3Υ(E ·H)
1 + 3ΥE2
E, D = E− 3Υ(E ·H)
1 + 3ΥE2
H+
(
3Υ(E ·H)
1 + 3ΥE2
)2
E, (5.13)
do constrain the value of the electric field to be bounded by
E2 =
1
3|Υ| . (5.14)
Another way to see this is by using our analysis of section 2. For the Gauss-Bonnet electromagnetic
theory (2.4) becomes
µ = x− 1
3Υ
, (5.15)
from where we can read immediately the limiting field value (5.14), in agreement with the discussion
following (2.4). What happens to the light cones in this limit? Considering B = 0, we see from
(2.14) that the Boillat light cone collapses in the two non-principal directions, manifesting the
breakdown of the theory. Moreover, beyond such limit, the causality inequality (2.16) is violated.
Yet another manifestation of the limiting electric field can be seen by studying the convexity
of the Hamiltonian function, as discussed in section 2.3. The latter property is equivalent to the
positive-definiteness of the following six dimensional quadratic form (of the variables b, d):
b2 + d2 +
3Υ
1− 3ΥB2
[
(D · b)2 + (B · d)2 + 2(b · d)(D ·B) + 2(D · b)(B · d)]+ 27Υ3
(1− 3ΥB2)3×
×(b ·B)2(D ·B)2 + 9Υ
2
2(1 − 3ΥB2)2 (D ·B)
[
4(D · b)(B · b) + 4(B · d)(B · b) + (D ·B)b2] .
(5.16)
Again, for vanishing magnetic induction both eigenvalues will be positive if and only if the electric
field is smaller than (5.14).
Since (2.4) reduces to (5.15), which has a unique solution for µ one might think that Gauss-
Bonnet electromagnetism admits no bi-refringence. However, as discussed in section 2, when ̟
in (2.4) vanishes, the information contained in (2.4) might be incomplete. As shown in [27] this
theory exhibits bi-refringence, with one cone given by the Boillat cone with (5.15) and the second
coinciding with the Minkowski light cone. So, the middle illustration in Figure 1 is the one to
bear in mind, but now, the Minkowski light cone is degenerate; it represents both the background
geometry and one of the effective geometries describing the propagation of fluctuations.
5.2 The Born-Infeld theory to second order
The Born-Infeld case, LKK = LBI (2), b = −1/2. The action matches the Born-Infeld action to
second order. To match the constants Υ with β one must remember that in the Kaluza-Klein
ansatz one should replace Aµ → ζAµ where ζ is a constant with dimension length (we are using
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quantum units, i.e., c = ~ = 1). If we write down LBI as
LBI = 1
β2
(√−g −√−det(gµν + βFµν)
)
, (5.17)
the constants match as
β2 = −3Υζ
4L
16πG5
, (5.18)
where L is the perimeter of the compact dimension (constant since we considered a trivial dilaton).
5.3 The Euler-Heisenberg action
The Euler-Heisenberg case, LKK = LEH , b = 1/7. This is the effective action to QED due to
one-loop corrections [46]. The constant Υ should then be
Υζ4L
16πG5
= − 28α
2
135m4e
, (5.19)
were α is the fine structure constant.
6 Metric independence of Black Hole properties
In this section we consider the propagation of fluctuations of fields (including the electromagnetic)
in curved backgrounds. Our main theme will be that even though there maybe more than one
metric present in theory, many properties of black holes and their thermodynamic behaviour are
metric invariant. In this sense we find that the event horizon and its properties have a universality
which goes beyond the universality implied by the equivalence principle.
6.1 Causality and the Strong Energy Condition
The presence of gravity as a background field is expected to induce changes in the propagation of
electromagnetic fluctuations, in the same way a background electromagnetic field does. In fact the
former is a consequence of the latter via the Einstein equations. Let us start by using the Boillat
metric presented in section 2 to ask when such propagation is causal. The Boillat co-metric (2.9)
is conformal to
((µ − x)Lx − yLy + L) gµν −
(
T µν − T
2
gµν
)
. (6.1)
From now on in this section we assume that g is the Einstein metric, rather than some conformal
multiple, such as the closed string metric. This is because we wish to assume that the Einstein
equations hold. Then the Boillat co-metric is conformal to
gµνeffective = g
µν +ARµν , (6.2)
where Rµν is the Ricci tensor and
1
8πGNA
= (x− µ)Lx + yLy − L. (6.3)
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If Tµν satisfies the strong energy condition and the Einstein equations hold, then R
αβpαpβ ≥ 0
for all co-vectors lying inside or on the Einstein co-cone. Thus if A ≥ 0, the Boillat co-cone
lies outside or on the Einstein co-cone. Passing back to the original Einstein and Boillat cones,
remembering that duality reverses inclusions we see that the strong energy condition together with
the requirement that A ≥ 0 is a sufficient condition that the Boillat cone lies inside the Einstein
cone. In these circumstances small disturbances travel no faster than gravitons.
6.2 Stationary Event Horizons and the Touching Theorem
Before discussing the even horizon given by the co-metric (6.2) it seems worth recalling that quan-
tum mechanical effects renormalize the propagation equations in a background gravitational field.
For scalars φ and spinors ψ, additional terms appear in the effective action of the form
A
2
Rαβ∂αφ∂βφ,
iA
2
Rαβψ¯γα∇βψ, (6.4)
for some coefficients A. In the case of scalars these give an effective metric of the form (6.2). In
the case of spinors the discussion given in section 4.2 applies. In the notation used there one has
aαβ = gαβ +
A
2
Rαβ (6.5)
and from equation (4.5) it follows that
gµνeffective = g
µν +ARµν +
A2
4
RµαR
αν . (6.6)
In perturbative calculations one neglects the last third term. The second was computed by Ohkuwa
within the Weinberg-Salam model [44] yielding
A = − 11
192π2
e2~
M2W sin
2 θW c3
, (6.7)
where θW is the Weinberg angle and MW is the W -boson mass.
8 Since A is negative the effective
cones lie outside the Einstein cone. Physically however it is not clear that this implies the neutrino
speeds faster than light, because the approximation of retaining only first derivatives in the effective
action may break down.
The case of photons is more complex and it involves the Riemann tensor [32].9
Work on the causality properties of such effective metrics ([23] and references therein) uncovered
a striking result which is also relevant in the context of non-linear electrodynamics.
If the Einstein metric g contains a stationary event horizon H with null generators lα and the
weak energy condition holds, Tαβlαlβ ≥ 0, then Hawking has shown that restricted to H
Rαβlαlβ = 0. (6.8)
It follows that
gαβeffectivelαlβ = 0. (6.9)
8Notice that the different sign in [44] is due to the opposite convention for the Riemann tensor.
9It maybe of interest to note that if one has as many scalar as spinor degrees of freedom with the same mass going
around the loop then the Drummond-Hathrell correction vanishes.
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CYLINDER = EVENT HORIZON
EINSTEIN LIGHT-CONE
BOILLAT LIGHT-CONE
(DASHED)
(SOLID)
Figure 4: The touching theorem.
Thus the null generator of the horizon lies on the effective co-cone. Passing to the dual space we see
that the Einstein cone and the effective cone actually touch along the null generator of the horizon.
In the case that A ≥ 0 the effective cone will touch from the inside. This makes the existence of
another effective event horizon outside the Einstein event horizon unlikely.
This ‘Touching Theorem’ shows that the concept of an absolute event horizon is more ‘absolute’
than one might have thought. After all because quantum fluctuations will in general affect different
particles differently and because the effective metric they see clearly depends upon their couplings
one might have imagined that in quantum theory different particles would have different effective
event horizons, in contradiction with the classical equivalence principle. However we have seen that
to the order we have been working this is not so. All particles see the same event horizon. In other
words, the concept of a black hole remains universal in the quantum theory.
6.3 The surface gravity and the universality of the Hawking temperature
As well as the location of the event horizon one might ask whether the thermodynamic properties,
such as the temperature, are universal. Because more than one metric is involved, this is not
immediately obvious. In the case of static solutions, the simplest way of obtaining the surface
gravity κ and hence the Hawking temperature TH = κ/(2π) is by setting t =
√−1τ , τ real and
calculating the period β = (TH)
−1 = 2π/κ required to remove the potential conical singularity at
the horizon. It is clear that there will be no conical singularity in one metric if and only if there is
no conical singularity in the other metric. Thus we get the same period β for both metrics.
If the timelike Killing vector, which is of course a Killing vector of both metrics, is normalized
to have unit magnitude at infinity with respect the Einstein metric, then this calculation yields the
temperature in Einstein units as judged by closed observers at infinity. If a background dilaton Φ
is non-zero then this must be rescaled to get the temperature in closed string units. Similarly if the
background Kalb-Ramond field is non-vanishing we must rescale to get the temperature in open
string units. For previous work on the universality of the thermodynamic properties of black holes
in generally covariant theories including arbitrary higher derivative interactions see [50].
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6.4 Black Hole in a magnetic Field in Einstein-Maxwell theory
One stimulus for this work is the current activity on physics in an external B field. It is worth
recalling therefore the properties of a black hole immersed in an external magnetic field according to
Einstein-Maxwell theory. The main point we wish to make is that the thermodynamic properties
of the black hole are unaffected by the magnetic field passing through it. This is perhaps not
unexpected if one believes that the thermodynamics has its origin in microscopic degrees of freedom
whose number and nature are essentially unchanged by external fields. To be concrete the metric
is [35]
ds2 = Λ(r, θ)2
(
−(1− 2M
r
)dt2 +
dr2
1− 2M
r
+ r2dθ2
)
+Λ(r, θ)−2r2 sin2 θdφ2, (6.10)
where M is the analogue of the ADM mass for asymptotically Melvin boundary conditions and
Λ(r, θ) = 1 +
1
4
B20r
2 sin2 θ. (6.11)
The Hawking temperature TH and the area of the event horizon AH are easily seen to be the same
as for the Schwarzchild solution. For some other comments on ‘non-commutative black holes’ see
[49].
7 Einstein-Schro¨dinger Theory
It is well known that there are many similarities between Born-Infeld theory and the Einstein-
Schro¨dinger theory of gravity. In section 4.3 we discussed that the characteristics and therefore
the causal structure relevant for fluctuations is analogous to the one for the open string. We now
specialize the discussion to some black hole solutions found by Papapetrou.
The connection in this theory is not the usual Levi-Civita connection, but rather computed
from the relation
aαβ,µ − aνβΓναµ − aανΓνµβ = 0. (7.1)
The notation is the one of section 4.3. The Ricci tensor is computed by an expression formally iden-
tical to the one in General Relativity, but has both a symmetric piece R(αβ) and an antisymmetric
one R[αβ]. In analogy to the dual Maxwell tensor introduced in section 2.5 we define P
µν = (a)[µν].
The vacuum field equations read
R(αβ) = 0, ∂β(P
αβ) = 0, R[[αβ],µ] = 0. (7.2)
The contravariant second rank tensor density Pµν =
√− det a−1Pµν . These are similar to the
usual Einstein equations, equation of motion and Bianchi identities in non-linear electrodynamics,
provided one thinks of Fµν as being analogous R[µν]. We will avoid the issue of positivity of energy
in this theory.
It is perhaps worth remarking that every Ricci flat Ka¨hler metric including Calabi-Yau spaces,
provides a Euclidean solution to this theory. In fact, if g is Ka¨hler, choosing for B a multiple of
the Ka¨hler form, which is covariantly constant, the Levi-Civita connection of g will solve (7.1).
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Hence all equations of motion are obeyed. For these solutions GµνEins−Schro ∝ gµν and so there is no
ambiguity as to which metric to use. For the analogous phenomenon in Born-Infeld theory see [49].
The last comment is not true in general. Spherically symmetric solutions were found by Papa-
petrou [30], corresponding to electrically’ and ‘magnetically’ charged spherically symmetric objects.
The most general electrical solution reads
(a−1)µνdx
µdxν = (1+
Q2
r4
)(1− 2MGN
r
)dt2− dr
2
(1− 2MGN
r
)
− r2(dθ2+sin2 θdφ2)+ Q
r2
dt∧ dr. (7.3)
A short calculation reveals that
ds2Eins−Schro = (1−
2GNM
r
)dt2 − dr
2
(1 + Q
2
r4
)(1 − 2GNM
r
)
− r2(dθ2 + sin2 θdφ2). (7.4)
It is striking that some of our previous findings concerning the invariance under the change
of metric of the black hole properties still hold in this theory. For example, in general the causal
structure of g and GEins−Schroµν differ but both agree about the location of the event horizon r =
2GNM and its surface gravity which is
κ =
1
4GNM
(1 +
Q2
16GNM4
). (7.5)
Note, while the area of the event horizon is given by the same formula in terms of the mass as it
is in the Schwarzchild solution, a black hole with Q 6= 0 is hotter than the Schwarzchild hole with
the same mass. The hotter temperature is ascribable to the fact that the factor (1 +Q2/r4) in g00
is blue-shifting rather than redshifting.
A magnetic solution found by Papapetrou reads
(a−1)µνdx
µdxν = (1− 2MGN
r
)dt2 − dr
2
(1− 2MGN
r
)
− r2(dθ2 + sin2 θdφ2) +B0r2 sin θdθ ∧ dφ. (7.6)
The Einstein-Schro¨dinger metric then becomes
ds2Eins−Schro = (1−
2MGN
r
)dt2 − dr
2
(1− 2MGN
r
)
− (1 +B20)r2(dθ2 + sin2 θdφ2). (7.7)
The physical meaning of the two form in (7.6) is not clear. It is spherically symmetric and of
constant magnitude. It is striking that the metric has a similar form to that of (3.21). The location
of the horizon and the surface gravity are independent of B0 and indeed the r− t metric is identical
to that of a Schwarzchild black hole.
8 Conclusions
The background geometry determined by a gravitational theory might not be the relevant one seen
by fluctuations of some test field. This is true even at the classical level, but quantum effects can also
renormalize the geometry describing the propagation of fluctuations. One quite interesting example
of such distinction was uncovered in work on string propagation in a background B field [31]: in
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this setup open and closed string fluctuations move, in general, at different velocities. Gravitons
and Born-Infeld photons see different light cones. The discussion in sections 2 and 3 shows that the
latter causal structure is the Boillat causal structure, studied long ago in the context of non-linear
electrodynamics. Moreover, the θµν parameter describing the non-commutativity of spacetime in
the duality established in [31] is just the dual Maxwell tensor of Born-Infeld theory.
The open string metric is intrinsically connected to the Born-Infeld action, as we showed in
section 4 by including scalars and fermions in a Born-Infeld type action, and showing the charac-
teristics are determined by the open string metric. At this point a question requires more thorough
understanding. In the context of string theory, the Born-Infeld action describes brane dynamics.
The brane world scenario motivated by [41] tries to bind gravitons to the brane. The difficulty is,
of course, that gravitons are closed rather than open string modes. But if this program is success-
ful, either the brane graviton sees different light cones from the other spin brane fields or, if it is
governed by the open string metric, the question arises to what effective field theory describes such
gravitons. The Einstein-Schro¨dinger theory seems to have exactly the characteristics we would then
be looking for. But it seems to suffer from instabilities [43].
In section 5 we looked at higher order gravity and Kaluza-Klein theory. To lowest order in α′,
the abelian truncation of the effective open string theory (Maxwell’s theory) is obtained by Kaluza-
Klein compactification of the effective closed string theory (Einstein’s gravity). But this does not
seem to hold to the next order in α′: the Gauss-Bonnet contribution to the effective closed string
theory gives upon Kaluza-Klein reduction what we named as ‘Gauss-Bonnet electromagnetism’,
distinct from both the Euler-Heisenberg theory and the Born-Infeld theory to this order.10 We
remarked however that for purely electromagnetic excitations, the no-ghost requirement is weaker
and by an appropriate choice of couplings one can obtain the latter two theories to this order.
It would be interesting to consider also the full Kaluza-Klein theory, with all excitations present.
This would give non-minimal gravitational-electromagnetic couplings, violating the equivalence
principle. Gravitational bi-refringence and dispersion effects might also be present, although the
latter seem only to occur at even higher order in α′ [45].
In section 6 we made use of a result know in the literature as the ‘Touching Theorem’ to
show that the propagation of fluctuations in non-linear electrodynamics coupled to gravity will
see a universal event horizon and black hole temperature. Such comment also holds for one-loop
corrected propagators in curved spacetime. In this way black holes don’t seem to ‘leak’. We also
noticed that similar invariance is seen for a black hole immersed in a magnetic field in Einstein-
Maxwell theory. It would perhaps be interesting to explicitly look at such black holes in a ‘Melvin
Universe’ for the case of non-linear electrodynamics.
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